A subgroup H of the finite group G is said to be quasinormally (resp. Squasinormally) embedded in G if for every Sylow subgroup P of H, there is a quasinormal (resp. S-quasinormal) subgroup K in G such that P is also a Sylow subgroup of K. Groups with certain quasinormally (resp. S-quasinormally) embedded subgroups of prime-power order are studied. For example, if a group G has a normal subgroup H such that G=H A F and such that for each Sylow subgroup P of H, every member in some M d ðPÞ is quasinormally embedded in G, then G A F: here M d ðPÞ is a set of maximal subgroups of P with intersection the Frattini subgroup.
Introduction
All groups considered in this paper will be finite. The notation and terminology used are standard, as in [10] - [12] or [17] . Given a group G, two subgroups H and K of G are said to permute if HK ¼ KH, that is, if HK is a subgroup of G. A subgroup H of G is said to be quasinormal in G if it permutes with every subgroup of G. A subgroup H of G is said to be S-quasinormal in G if it permutes with every Sylow subgroup of G. This concept was introduced by Kegel in 1962 and it has been investigated by many authors; see, for example, [1] , [3] - [9] , [13] , [18] - [23] , [25] . Recently, in [5] , [8] , Ballester-Bolinches and Pedraza-Aguilera extended these concepts to quasinormally and S-quasinormally embedded subgroups. A subgroup H of G is quasinormally (resp. S-quasinormally) embedded in G if, for every Sylow subgroup P of H, there is a quasinormal (resp. S-quasinormal) subgroup K in G such that P is also a Sylow subgroup of K.
In [14] , Li and Shen considered another generalization of S-quasinormal subgroups and gave the following definition: Definition 1.1 (see [14] ). Let G be a group. A subgroup H of G is said to be an SSquasinormal subgroup (supplement-Sylow-quasinormal subgroup) of G if there is a supplement B of H in G such that H permutes with every Sylow subgroup of B.
Obviously, every S-quasinormal subgroup of G is SS-quasinormal and Squasinormally embedded in G. In general, an SS-quasinormal subgroup need not be S-quasinormally embedded. For instance, S 3 is an SS-quasinormal subgroup of the symmetric group S 4 , but it is not S-quasinormally embedded and so is not S-quasinormal. Also a Sylow 3-subgroup of A 5 is S-quasinormally embedded but not SS-quasinormal.
On the other hand, in 1980, Srinivasan established an interesting theorem on supersolvable groups. Let MðGÞ denote the family of all maximal subgroups of all Sylow subgroups of G. Srinivasan [23] proved that a finite group G is supersolvable if every member of MðGÞ is S-quasinormal in G. This led to the study by many authors of the influence of the members of MðGÞ on the structure of G; see [1] , [3] - [9] , [15] , [21] - [23] , [25] . More recently, in [8] , Ballester-Bolinches and Pedraza-Aguilera showed that if every member of MðGÞ is S-quasinormally embedded in G, then G is supersolvable. Asaad and Heliel [4] extended this result to saturated formations F containing the class U of all supersolvable groups. They showed that G A F if and only if G has a normal subgroup H such that G=H A F and such that every member of MðHÞ is S-quasinormally embedded in G. Recall that a formation is a class F of groups satisfying the following conditions: (i) if G A F and N t G, then G=N A F, and (ii) if N 1 ; N 2 t G are such that G=N 1 ; G=N 2 A F, then G=ðN 1 V N 2 Þ A F. A formation F is said to be saturated if G=FðGÞ A F implies that G A F.
In [14] , Li and Shen considered a subset M d ðPÞ of MðPÞ for a given Sylow p-subgroup P of G, defined in the following way: Definition 1.2 (see [14] ). Let d be the smallest number of generators of a p-group P and let M d ðPÞ ¼ fP 1 ; . . . ; P d g be a set of maximal subgroups of P such that 7
Notice that the subset M d ðPÞ is not unique for a fixed P in general. We know that
In [14] , Li and Shen showed that if for every prime p dividing the order of G and P A Syl p ðGÞ, every member of some fixed M d ðPÞ is SS-quasinormal in G, then G is supersolvable. However, there exist a saturated formation F containing U and a solvable group G with a normal p-subgroup P such that G=P A F and such that every member of some fixed M d ðPÞ is S-quasinormal (and hence SS-quasinormal) in G, but with G B F.
In this paper, we extend these results in the following way.
Theorem 1.1. Let p be a prime dividing the order of a group G, where ðjGj; p À 1Þ ¼ 1, and let P a Sylow p-subgroup of G. Then the following statements are equivalent:
(ii) every member of MðPÞ is normally embedded in G;
(iii) every member of some M d ðPÞ is normally embedded in G;
(iv) every member of some M d ðPÞ is quasinormally embedded in G;
(v) every member of some M d ðPÞ is S-quasinormally embedded in G.
Theorem 1.2. For a group G, the following statements are equivalent:
(ii) there exists a normal subgroup H of G such that G=H is supersolvable and for each Sylow subgroup P of H, every member in some M d ðPÞ is SS-quasinormal (S-quasinormally embedded ) in G.
Theorem 1.3. Let F be a saturated formation containing U and let G be a group. Then the following statements are equivalent:
(ii) there exists a normal subgroup H of G such that G=H A F and such that for each Sylow subgroup P of H, every member in some M d ðPÞ is quasinormally embedded in G. 
Preliminaries
Lemma 2.1 (see [14] ). Suppose that H is SS-quasinormal in a group G, and let K c G and N t G.
(ii) HN=N is SS-quasinormal in G=N.
Lemma 2.2 (Maier and Schmid [16] , [26] ). If Q is a quasinormal subgroup of the group G, then Q G =Q G is contained in the hypercenter Z y ðG=Q G Þ of G=Q G .
Lemma 2.3 (Ballester-Bolinches and Pedraza-Aguilera [5] , [8] ). Suppose that U is S-quasinormally (resp. quasinormally) embedded in a group G, and let H c G and K t G.
(i) If U c H, then U is S-quasinormally (resp. quasinormally) embedded in H.
(ii) UK is S-quasinormally (resp. quasinormally) embedded in G and UK=K is Squasinormally (resp. quasinormally) embedded in G=K.
Lemma 2.4 (see [14] ). Let H be a p-subgroup of G. Then the following statements are equivalent:
(ii) H c O p ðGÞ and H is SS-quasinormal in G;
(iii) H c O p ðGÞ and H is S-quasinormally embedded in G.
Lemma 2.5 (Asaad and Heliel [4] ). Let P be a Sylow p-subgroup of a group G and let P 0 be a maximal subgroup of P. Then the following statements are equivalent:
(ii) P 0 is S-quasinormal in G. Lemma 2.7 (Asaad and Heliel [4] ). Let H be a nilpotent subgroup of a group G. Then the following statements are equivalent:
(ii) the Sylow subgroups of H are S-quasinormal in G.
Lemma 2.8 (see [24] ). If P is a Sylow p-subgroup of a group G and N t G is such that P V N c FðPÞ, then N is p-nilpotent.
Lemma 2.9 (see [2] 
Proofs of the main theorems
Proof of Theorem 1.1. We prove that (i) implies (ii). Let N be the normal pcomplement of G. Then for any maximal subgroup P 0 of P, the subgroup NP 0 is normal in G. Assertion (ii) now follows.
It is clear that (ii) implies (iii), (iii) implies (iv) and (iv) implies (v).
Next, we prove that (v) implies (i). Assume otherwise and let G be a counterexample of minimal order. Fix the set M d ðPÞ ¼ fP 1 ; . . . ; P d g. By hypothesis, each P i is S-quasinormally embedded in G. We prove the theorem in several steps.
Step 1. We claim that O p 0 ðGÞ ¼ 1.
If not, set N ¼ O p 0 ðGÞ. Then PN=N is a Sylow p-subgroup of G=N which is isomorphic to P, so PN=N has the same smallest number of generators as P, i.e., d, and M d ðPN=NÞ ¼ fP 1 N=N; P 2 N=N; . . . ; P d N=Ng. By Lemma 2.3, we observe that P i N=N is S-quasinormally embedded in G=N. Hence G=N satisfies the condition of the theorem. The minimality of G implies that G=N is p-nilpotent and it follows that G is p-nilpotent, a contradiction. Similarly, if P c H < G, then H is p-nilpotent. For i ¼ 1; 2; . . . ; d, there exists an S-quasinormal subgroup M i of G such that P i is a Sylow p-subgroup of M i .
Step 2. For every i A f1; 2; . . . ; dg, the group G=ðM i Þ G is p-nilpotent, where ðM i Þ G is the core of M i in G.
In fact, since M i is an S-quasinormal subgroup of G and P i is a Sylow p-subgroup
Noting that P i is a Sylow p-subgroup of M i , we have P i c ðM i Þ G . Therefore jG=ðM i Þ G j p ¼ p. Now, as p is a prime dividing jGj and ðjGj; p À 1Þ ¼ 1, by Burnside's theorem we see that G=ðM i Þ G is p-nilpotent for each i, and Step 2 is complete. Set
Step 3. N is p-nilpotent. Firstly, as all the ðM i Þ G are normal in G, we get N t G. Secondly, we consider the subgroup P V N. Recall that P i is a Sylow p-subgroup of ðM i Þ G and P i c P,
Step 4. The counter-example G does not exist. Now, N possesses a normal Hall p 0 -subgroup U such that N ¼ N p U, where N p is a Sylow p-subgroup of N. Then U is characteristic in N and N t G, so U is normal in G and hence U c O p 0 ðGÞ. It follows that U ¼ 1 since O p 0 ðGÞ ¼ 1. Consequently, N is a normal p-subgroup of G and so N ¼ P V N ¼ FðPÞ. Also, by Step 2 and the fact that the class of p-nilpotent groups is a formation, we see that G=N must be p-nilpotent. It follows that G=FðPÞ is p-nilpotent. Moreover, by [12, III, 3.3 Hilfssatz] we have FðPÞ c FðGÞ, so G=FðGÞ is p-nilpotent. Hence G is p-nilpotent, contrary to the choice of G. r Corollary 3.1. Let p be the smallest prime dividing the order of a group G and P a Sylow p-subgroup of G. If every member of some M d ðPÞ is S-quasinormally (quasinormally) embedded in G, then G is p-nilpotent.
Proof of Theorem 1.2. It is obvious that (i) implies (ii). We prove that (ii) implies (i). Suppose otherwise and choose G a counter-example of minimal order.
Step 1. We claim that G=Q is supersolvable, where Q is a Sylow q-subgroup of H and q is the largest prime dividing jHj.
By hypothesis, some M d ðQÞ ¼ fQ 1 ; Q 2 ; . . . ; Q d g has the property that every Q i is SS-quasinormal in G. By [14, Theorem 1.1], the subgroup H has a Sylow tower of supersolvable type. Let q be the largest prime dividing jHj and let Q be a Sylow q-subgroup of H. Since H has the ordered Sylow tower property, Q is normal in H. Now Q is characteristic in H and H t G, so Q t G. Furthermore, ðG=QÞ=ðH=QÞ G G=H A U, and Lemmas 2.1 and 2.3 show that G=Q satisfies the conditions of the theorem. Thus by the choice of G, G=Q is supersolvable.
Step 2. Q is a Sylow q-subgroup of G.
Suppose otherwise. Let p be the smallest prime dividing jG=Qj and r the largest prime dividing jG=Qj. By Step 1, the quotient G=Q is supersolvable. Moreover, Lemma 2.10 implies that G=Q contains subgroups M 1 =Q and M 2 =Q with jG : M 1 j ¼ p and jG : M 2 j ¼ r. By Lemmas 2.1 and 2.3, for i ¼ 1; 2 the pair ðM i ; QÞ satisfies the conditions of the theorem. The choice of G implies that M 1 and M 2 are supersolvable. Then by Lemma 2.9, G is supersolvable, a contradiction which completes Step 2.
Step 3. FðQÞ ¼ 1.
Otherwise, by Lemma 2.1 and 2.3, G=FðQÞ satisfies the hypothesis, and applying induction, we have that G=FðQÞ is supersolvable. Furthermore, FðQÞ c FðGÞ by [12, III, 3. 3 Hilfssatz], so G=FðGÞ is supersolvable. It follows that G is supersolvable, a contradiction.
Step 4. The subgroups Q 1 ; . . . ; Q d are normal subgroups of G.
This follows from Lemmas 2.4 and 2.5.
Step 5. The final contradiction. We have ðG=Q i Þ=ðQ=Q i Þ G G=Q and, by Step 1, the group G=Q is supersolvable. As Q=Q i is cyclic of order q, it follows that G=Q i is supersolvable. Set
By the definition of M d ðQÞ, we have 7 d i¼1 Q i ¼ FðQÞ, so N ¼ FðQÞ. Since the class of supersolvable groups is a formation, G=FðQÞ is supersolvable. It follows that G=FðGÞ is supersolvable and hence G is supersolvable. The proof is now complete. r Corollary 3.2. Let G be a group such that for each Sylow subgroup P of G, every member in some M d ðPÞ is SS-quasinormal in G; then G is supersolvable.
Corollary 3.3. Let G be a group and H a normal subgroup such that G=H is supersolvable. If, for each Sylow subgroup P of H, every member in some M d ðPÞ is Squasinormal in G, then G is supersolvable.
Corollary 3.4. Let G be a group and H a normal subgroup such that G=H is supersolvable. If, for each Sylow subgroup P of H, every member in some M d ðPÞ is quasinormal in G, then G is supersolvable.
Proof of Theorem 1.3. It is obvious that (i) implies (ii). We establish the converse. Assume that (ii) holds.
Step 1. We claim that G=Q A F, where Q is a Sylow q-subgroup of H and q is the largest prime dividing jHj.
By hypothesis, some M d ðQÞ ¼ fQ 1 ; Q 2 ; . . . ; Q d g has the property that every Q i is quasinormally embedded in G. By Theorem 1.2, H is supersolvable so it has the Sylow tower property. Let q be the largest prime dividing jHj and let Q be a Sylow q-subgroup of H. Since H has the Sylow tower property, Q is normal in H. Now Q is characteristic in H and H t G, so Q t G. Furthermore, ðG=QÞ=ðH=QÞ G G=H A U and Lemma 2.3 shows that G=Q satisfies the conditions of the theorem; thus by the choice of G we have G=Q A F.
Step 2. FðQÞ ¼ 1.
Suppose that FðQÞ 0 1. By Lemma 2.3, G=FðQÞ satisfies the condition. By induction, we have G=FðQÞ A F. Moreover, by [12, III, 3. 3 Hilfssatz], FðQÞ c FðGÞ, so G=FðGÞ A F. It follows that G A F, contrary to the choice of G.
Step 3. Each Q i is quasinormal in G.
By definition, G has a quasinormal subgroup
is normalized by N. It follows that Q i permutes with the cyclic q 0 -subgroups of G, and hence with all cyclic subgroups.
Step 4. Set
Then X i is quasinormal in G and jX i j ¼ q. Step 5. We see that ðX i Þ G ¼ 1 for all i.
If X i t G for some i, then Q=X i is generated by quasi-central elements x 1 N; . . . ; x d N, where N ¼ X i and X j ¼ hx j i. By induction, G=X i A F and hence G A F.
Step 6. The final contradiction.
By Lemma 2.2 and
Step 5, we have X i c Z y ðGÞ for each i. Thus for every q 0 -element y, X i hyi is a nilpotent group, so y centralizes X i . It follows that all q 0 -subgroups of G centralize Q. Thus all chief factors contained in Q are cyclic. We conclude that G A F. r Corollary 3.5. Let F be a saturated formation containing U. Let G be a group and H a normal subgroup such that G=H A F. (ii) If, for each Sylow subgroup P of H, every member in some M d ðPÞ is normally embedded in G, then G A F.
(iii) If, for each Sylow subgroup P of H, every member in some M d ðPÞ is normal in G, then G A F.
